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We have the following result regarding steady Ricci solitons. See Q], [2], [4], [5], 
and [6] for some earlier works on the qualitative aspects of steady Ricci solitons. 

Theorem 1. Let (M n ,g,f) be a complete steady gradient Ricci soliton with Rij = 
-ViVjf andR+\Vf\ 2 = 1. //lim^oo / (x) = -oo and f < 0, then R > 


, f +2 

Proof. Define A/ = A — V/ • V. Then A f f = -1, A f R = -2 |Rc| 2 < R 2 , and 
A / (e / ) = -i?e^. For eel, 

A f (R-ce f ) < --R 2 + cRe f < —e 2f . 
y ' n 8 

Using A/(e 2/ ) = 2e 2/ (1 - 2R), we compute for b £ R that 

(1) A/ (i? - oe' - be 2f ) < ~2b + AbR^j e 2f . 

Suppose R — ce^ — be 2 ? is negative somewhere. Then, since R > by [3] and 
lim :E _ ! . 00 e-^' 35 ) = by hypothesis, a negative minimum of R — ce? — be 2 ? is attained 
at some point. By (TT]) and the maximum principle, at such a point we have 

n c n c 

< -- - 2b + AbR < — - 2b + 46 (c + b) 

8 8 

since / < 0. Given c £ (0, s], the minimizing choice 6 = yields ^ 1 ~ 2c ' ) < 

We obtain a contradiction by choosing c = — 7= — . □ 

V t + 2 

Remark. Given O £ A4, since |V/| < 1, we have f (x) > /(O) — d(x,0) on M.. 
For the cigar soliton (M 2 , A ^ x t^y2 ^ ) we Ziaue R = e? assuming max 2 . e R2 / (a;) = 0. 
See [7] /or an estimate for the potential functions of steady gradient Ricci solitons. 
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